Using Covariance Algebra as a Heuristic Device When Working with Asymptotic Results
Green // PL503

This lecture is designed to reinforce some of the core concepts of Chapter 5, namely, parameter identification when the RHS variables suffer from measurement error and endogeneity.  Working with covariances makes sense when one is dealing with asymptotic results.  The “analytic covariance matrix” is the covariance matrix one would observe were one privy to an infinite supply of data.


Notice that these rules are readily checked using ordinary summation notation.  For example, Rule #1 follows from the following:
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Similarly, Rule #3 can be illustrated as follows:
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Application 1: Least Squares

Suppose we are working with a regression equation of the form

Y = a + bX + U.

Suppose that for an infinite sample size (i.e., in the absence of sampling error), COV(X,U) = 0.

Consider the plim of the LS estimator:
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Now suppose that COV(X,U) = c, where c is nonzero.  
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Now, the least squares estimator is biased.  The sign of the bias depends on c.

To flesh out this case a bit, suppose that we were dealing with the two equation system:

Y = bX + U

X = gY + fZ + W.

Suppose that Z and U are independent. What would the COV(X,Y) be in this case?

First, let’s rewrite Y and X in terms of the exogenous variables in the system, by substitution.
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Messy, but not hard.  
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Now we’re ready to envision what happens when LS makes use of COV(X,Y)/VAR(X).  This ratio does not simplify to b except when g=0 (i.e., no reverse causation) and COV(U,W)=0 (no unobserved heterogeneity).  In that happy special case:
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Of course, when g=0, the problem of two-way causation ceases to exist, in which case LS is appropriate.  Suppose, however, that g is nonzero.  Now what?

Application 2: Instrumental Variables

Consider the instrumental variables estimator COV(Z,Y)/COV(Z,X).

Bearing in mind the stipulation that COV(Z,U)=0, we obtain:
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It follows, therefore, that so long as COV(Z,U)=0, the IV estimator is consistent:
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Notice that this result holds even when we allow U and W to be correlated.  It holds even if we allow Z and W to be correlated.  Thus, IV is a consistent estimator even when two-way causation is just part of the problem; omitted variables that cause U and W to be correlated do not present difficulties for IV, so long as COV(Z,U)=0.

Notice, too, that one cannot “test” the validity of the IV specification by running a regression of Y on X and Z, in the hope of finding a zero effect of Z.  This regression produces biased estimates and is not to be trusted.

How is randomized experimentation implicated in this result?  Imagine that Z were random assignment to some sort of treatment that had some effect on X.  This random Z would satisfy the requirement that Z be independent of U.  Even if the relationship between X and Y would not otherwise lend itself to LS regression, the fact that some component of X is caused by random assignment allows consistent estimation of b via instrumental variables regression.

Application 3: Errors in Variables

Suppose we have a model

Y = a + b + U,

but we don’t observe  (“ksi” is Greek for X and is often used to represent unobserved predictors), which we will term a “latent” variable.   Instead, we observe X and Z.

X =  + 

Z =  + 
Suppose that the errors of measurement,  and , are independent of one another and of . Can we estimate b?  Yes, but not by least squares regression.  Suppose we were to regress Y on X. 
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Thus, the LS estimator is inconsistent.  Note that the bias in bivariate regression is toward zero (attenuation bias); the effects of multivariate errors in variables are difficult to characterize and can lead to either positive or negative biases.

How about IV?  Suppose that Z, the redundant measure of , were used as an instrumental variable.
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In other words, redundant measurement of  permits consistent estimation of b so long as the errors of measurement are uncorrelated with one another and with .  Notice that if the errors are correlated, the denominator no longer mirrors the numerator, and the estimator is inconsistent.  In order to identify b under conditions of correlated measurement error, one must gather additional indicators of .

The implication of this analysis is that redundancy provides a way of overcoming the biases associated with measurement error.  The key assumption (so far) is that the errors must be unrelated to one another and to the latent trait being measured.

Here are the basic rules of manipulating covariances:





Covariance of a variable and a constant is zero:





COV(a,X)=0





Covariance of a sum is the sum of covariances:





COV(bX+cZ,Y)=COV(bX,Y)+COV(cZ,Y).





Constants may be factored out:





COV(bX,Y)=bCOV(X,Y)





Covariance of a variable with itself is a variance:





COV(bX,a+bX+U) = COV(bX,bX) + COV(bX,U) = b2VAR(X)+bCOV(X,U)
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